UPPER AND LOWER ESTIMATES FOR SCHAUDER FRAMES AND 

ATOMIC DECOMPOSITIONS. 



K. BEANLAND, D. FREEMAN, AND R. LIU 

Abstract. We prove that a Schauder frame for any separable Banach space is shrinking if 
and only if it has an associated space with a shrinking basis, and that a Schauder frame 
for any separable Banach space is shrinking and boundedly complete if and only if it has a 
reflexive associated space. To obtain these results, we prove that the upper and lower estimate 
theorems for finite dimensional decompositions of Banach spaces can be extended and modified 
to Schauder frames. We show as well that if a separable infinite dimensional Banach space has 
a Schauder frame, then it also has a Schauder frame which is not shrinking. 



1. Introduction 

Frames for Hilbert spaces were introduced by Duffin and Schaeffer in 1952 |DSj to address 
some questions in non-harmonic Fourier series. However, the current popularity of frames 
is largely due to their successful application to signal processing, initiated by Daubechies, 
Grossmann, and Meyer in 1986 |DGMj . A frame for an infinite dimensional separable Hilbert 
space H is a sequence of vectors {xi)°Zi C H for which there exists constants < A < B such 
that for any x G if , 

oo 

(1) A\\xr<Y,\{^,^^)\'<B\\xr. 

i=l 

li A = B = 1, then {xi)°Zi is called a Parseval frame. Given any frame {xi)'^i for a Hilbert 
space H, there exists a frame for H, called an alternate dual frame, such that for all 

X e H, 

oo 

(2) X = ^{x,fi)xi. 

i=l 

The equality in ([2]) allows the reconstruction of any vector x in the Hilbert space from the 
sequence of coefficients {{x, fi))°Zi. The standard method to construct such a frame is 
to take fi = S~^Xi for all i G N, where S is the positive, self-adjoint invertible operator on H 
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defined by Sx = ^^^(a^, Xi)xi for all x E H . The operator 5* is called the frame operator and 
the frame {S'^Xi)"^^ is called the canonical dual frame of (xj)^;^. 

In their AMS memoir |HL] . Han and Larson initiated studying the dilation viewpoint of 
frames. That is, analyzing frames as orthogonal projections of Riesz bases, where a Riesz basis 
is an unconditional basis for a Hilbert space. To start this approach, they proved the following 
theorem. 

Theorem 1.1 ([HL]). // ( Xj^,^—-^ IS Qj frame for a Hilbert space H , then there exists a larger 
Hilbert space Z D H and a Riesz basis {zi)°Zi /^^ ^ such that PxZi = Xi for all i G N, where 
Px is orthogonal projection onto X. Furthermore, if {xij'^i is Parseval, then (2^1)^1 can be 
taken to be an ortho-normal basis. 

The concept of a frame was extended to Banach spaces in 1989 by Grochenig [G] through 
the introduction of atomic decompositions. The main goal of the paper was to obtain for 
Banach spaces the unique association of a vector with the natural set of frame coefficients. In 
2008, Schauder frames for Banach space were developed |CDUSZj with the goal of creating a 
procedure to represent vectors using quantized coefficients. A Schauder frame essentially takes, 
as its definition, an extension of the equation ([2]) to Banach spaces. 

Definition 1.2. Let X be an infinite dimensional separable Banach space. A sequence (xj, C 
X X X* is called a Schauder frame for X ii x = Xli^i fi{^)^i x G X. 

In particular, if (xj)^]^ and are frames for a Hilbert space H, then is an alternate 

dual frame for {xi)°l-^ if and only if (xj, fi)fZi is a Schauder frame for H. As noted in |CDOSZ] . 
a separable Banach space has a Schauder frame if and only if it has the bounded approximation 
property. By the uniform boundedness principle, for any Schauder frame (xj, fi)°Zi of a Banach 
space X, there exists a constant C > 1 such that sup„>„ || J2i=m fii^)^i\\ — ^^W^W for all x G X. 
The least such value C is called the frame constant of (xj, fi)'^i- A Schauder frame (xj, fi)°Zi 
is called unconditional if the series x = Yl'^i fi{x)xi converges unconditionally for all x G X. 
The following definition extends the notion of a basis being shrinking or boundedly complete 
to the context of frames. 

Definition 1.3. Given a Schauder frame (xj, C X x X*, let T„ : X — )■ X be the operator 

Tn{x) = J2i>n fi{^)^i- The frame (xj, is called shrinking if ||x* oT„|| — for all x* G X*. 

The frame {xi, fi)°Zi is called boundedly complete if Ylili^**ifi)^i converges in norm to an 
element of X for all x** G X**. 

As noted in [CLj , if ( Schauder basis and (x*)^^ are the biorthogonal functionals of 

(xj)^^, then the frame (xj, x*)^]^ is shrinking if and only if the basis (xj)^;^ is shrinking, and the 
frame {xi,x*)'^i is boundedly complete if and only if the basis (xj)^^ is boundedly complete. 
Thus the definition of a frame being shrinking or boundedly complete is consistent with that of 
a basis. In [L], the frame properties shrinking and boundedly complete are called pre-shrinking 
and pre-boundedly complete. The following definitions allow the dilation viewpoint of Han and 
Larson to be extended to Schauder frames. 
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Definition 1.4. Let (xj, be a frame for a Banach space X and let Z he a Banach space 

with basis {zi)°Z-^ and coordinate functionals {z*)°li. We call Z an associated space to (a;^, 
and {zi)'^i an associated basis if the operators T : X — )■ Z and 5 : Z — )■ X are bounded, where, 
T(x) = T(J2fi{x)xi) = Y,fi{^)zi for all x e X and S{z) = S(J2zii^)zi) = Y.^ii^)^i all 

zez. 

Essentially, Theorem 11.11 states that a frame for a Hilbert space has an associated basis 
which is a Riesz basis for a Hilbert space. Furthermore, the proof in |HLj actually involves 
constructing the operators T and 5* given in Definition O In |CDUSZj . it is shown that 
every Schauder frame has an associated space, which is referred to as the minimal associated 
space in [L]. Furthermore, the minimal associated basis will be unconditional if and only if 
the Schauder frame is unconditional. On the other hand, if {xi, fi) is a Schauder frame, then 
the reconstruction operator, 5*, for the minimal associated space contains Cq in its kernel if and 
only if a finite number of vectors can be removed from (xj) to make it a Schauder basis [LZj . 
Thus, except in trivial cases, the minimal associated basis will not be boundedly complete. 
Given some desirable property for a basis to have, it is natural to consider the problem of 
characterizing whether or not a particular Schauder frame has an associated basis with that 
property. It is not difficult to see that if a Schauder frame has a shrinking associated basis, then 
the frame must be shrinking as well, and that if a Schauder frame has a boundedly complete 
associated basis, then the frame must be boundedly complete. Under additional assumptions, 
it is proven in [L] that the minimal associated space to a frame is shrinking if the frame itself 
is shrinking and that the maximal associated space to a frame is boundedly complete if the 
frame itself is boundedly complete. One of our main theorems is to give the following complete 
characterization. 

Theorem 1.5. Let {xi, fi)°Zi be a Schauder frame for a Banach space X. Then {xi, fi)'^^ is 
shrinking if and only if {xi, fi)°Zi has a shrinking associated basis. Furthermore, {xi, fi)°Zi is 
shrinking and boundedly complete if and only if (xj, fi)^i has a reflexive associated space. 

To obtain Theorem II. 5[ we prove a stronger result, involving quantitative bounds on the 
Szlenk index. The Szlenk index [Sz] is a co-analytic rank on the set of Banach spaces with 
separable dual, and was created to prove that there does not exist a single Banach space 
X with separable dual such that every Banach space with separable dual is isomorphic to a 
subspace of X. In particular, the Szlenk index of a Banach space is countable if and only if 
the Banach space has separable dual. In |0SZ2] . it is shown that the higher order Tsirelson 
spaces Ta^c, where a is a countable ordinal and < c < 1, can be used to measure the Szlenk 
index through the use of tree estimates. Furthermore, a Banach space with separable dual has 
Szlenk index at most u°"^ for some given countable ordinal a, if and only if the Banach space 
satisfies subsequential T^^c- upper tree estimates for some constant < c < 1. Thus proving 
theorems about upper tree estimates provides quantitative insight into Banach spaces with 
separable dual, and similarly, proving theorems about upper and lower tree estimates provides 
quantitative insight into separable refiexive Banach spaces. In |OSZlj . a characterization is 
given for when a separable refiexive Banach space embeds into a Banach space with an FDD 
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satisfying certain upper and lower block estimates, and in |FUSZj . a characterization is given for 
when a Banach space with separable dual embeds into a Banach space with an FDD satisfying 
certain upper block estimates. We extend both of those theorems to frames and by applying 
them to Ta and T*, we obtain the following two charachterizations. 

Theorem 1.6. Let {xi, fi)'^i be a shrinking Schauder frame for a Banach space X and let a 
he a countable ordinal. Then, the following are equivalent. 

(a) X has Szlenk index at most u°"^ . 

(b) X satisfies subsequential Ta^c-upper tree estimates for some constant < c < 1. 

(c) {xi, fi)'fZi has an associated basis {zi)fZi ^'^^^ ^^^^ there exists (-ft'i)^i € [N]'^ 
and < c < 1 so that the FDD (spanjg[„. satisfies subsequential (ti^J^i 
upper block estimates, where (ti)^i is the unit vector basis for T^^c- 

Theorem 1.7. Let {xi, fi)°Zi be a shrinking and boundedly complete Schauder frame for a 
Banach space X . Then, the following are equivalent. 

(a) X and X* both have Szlenk index at most 10°"^ . 

(b) X satisfies subsequential T^ c-'WJ'l'er tree estimates and subsequential T*^-lower tree es- 
timates for some constant < c < 1. 

(c) {xi, fi)°l-^ has an associated basis such that there exists {ni)°l^, {Ki)'^-^ G [N]^ 
and < c < 1 so that the FDD {spanj^ini,n^+i)Zi)°Zi satisfies subsequential (ti^-J^i 
upper block estimates and subsequential (t*j^J'^i lower block estimates, where (ti)°Zi 
the unit vector basis for Ta^c- 

The Banach space T^^c is reflexive, and thus the basis {zi)^i given in Theorem ll.6l is shrinking 
and the basis (^4)^1 given in Theorem II .71 is shrinking and boundedly complete. Thus Theorem 
11.51 follows immediately from Theorems 11.61 and 11.71 

Both Schauder frames and atomic decompositions are natural extensions of frame theory into 
the study of Banach space. These two concepts are directly related, and some papers in the 
area such as [CHLj . [CLj . and |CLS] are stated in terms of atomic decompositions, while others 
such as jCDOSZj . [L], and |LZ] are stated in terms of Schauder frames. 

Definition 1.8. Let X be a Banach space and Z be a Banach sequence space. We say that 
a sequence of pairs (xj, C X x X* is an atomic decomposition of X with respect to Z if 

there exists positive constants A and B such that for all x G X: 

(a) {f^ixmi e Z, 

(b) A\\x\\ <JU{xi))Zi\\z < B\\x\\, 

(c) X = J2Zi fi{x)xi- 

If the unit vectors in the Banach space Z given in Definition 11.81 form a basis for Z, then 
an atomic decomposition is simply a Schauder frame with a specified associated space Z. We 
choose to use the terminology of Schauder frames for this paper instead of atomic decomposition 
as to us, an associated space is an object which is external to the space X and frame (xj, fi)'^i- 

Our goals are essentially, to construct 'nice' associated spaces, given a particular Schauder 

4 



frame. However, our theorems can be stated in terms of atomic decompositions. In particular, 
Theorem 11.51 can be stated as the following. 

Theorem 1.9. Let X be a Banach space and Z be a Banach sequence space whose unit vectors 
form a basis for Z. Let {xi, fi)°Zi be an atomic decomposition of X with respect to Z. Then 
{xi, fi)iZi is shrinking if and only if there exists a Banach sequence space Z' whose unit vectors 
form a shrinking basis for Z' such that (xj, is an atomic decomposition of X with respect 

to Z' . Furthermore, {xi, fi)°Zi is shrinking and boundedly complete if and only if there exists a 
reflexive Banach sequence space Z' whose unit vectors form a basis for Z' such that (xj, 
is an atomic decomposition of X with respect to Z' . 

The third author would like to express his gratitude to Edward Odell for inviting him to visit 
the University of Texas at Austin in the fall of 2010 and spring of 2011. 

2. Shrinking and boundedly complete Schauder Frames 

It is well known that a basis (xj) for a Banach space X is shrinking if and only if the 
biorthogonal functionals (x*) form a boundedly complete basis for X* . The following theorem 
extends this useful characterization to Schauder frames. 

Theorem 2.1. |CLt Proposition 2.3] [L, Proposition 4.8] Let X be a Banach space with a 
Schauder frame (xj, C X x X* . The frame (xj, is shrinking if and only if {fi, Xi)'^^ 

is a boundedly complete Schauder frame for X* . 

It is a classic and fundamental result of James that a basis for a Banach space is both 
shrinking and boundedly complete, if and only if the Banach space is reflexive. The following 
theorem shows that one side of James' characterization holds for frames. 

Theorem 2.2. [CLl Proposition 2.4] [Q Proposition 4.9] // (xj, is a shrinking and bound- 

edly complete Schauder frame of a Banach space X , then X is reflexive. 

It was left as an open question in [CL] whether the converse of Theorem 12.21 holds. The 
following theorem shows that this is false for any Banach space X, and is evidence of how 
general Schauder frames can exhibit fairly unintuitive structure. 

Theorem 2.3. Let X be a Banach space which admits a Schauder frame (i.e. has the bounded 
approximation property), then X has a Schauder frame which is not shrinking. 

Proof. Let (xj, be a Schauder frame for X. If (xj, is not shrinking, then we are done. 
Thus we assume that (x,, is shrinking. Fix x E X such that x 7^ 0, and choose C 

Sx* such that y* 0. For all neN,we define elements (x^j^.a, /3n-2)> i^'sn-i^ fL-i)^ i^sn^ fL) ^ 
X X X*, in the following way: 

X3n—2 Xn -^Sn— 1 -^Sn X 

/sn— 2 fn /sn— 1 Vn f^n Un 

As y* -^uj* 0, it is not difficult to see that (xj, is a frame of X. However, (xj, is 

not shrinking. Indeed, let x* G X* such that x*(x) = 1. As (xj, is shrinking, there exists 
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No eN such that | T.Zm ^*i^i)fiiy)\ < l\\y\\ a\\ y e X and M > Nq. Let M > Nq and 
choose y G -Bx such that ylfiy) > |- We now have the following estimate, 

°° 3 11 

o T3A/II > a;* o T3Af(y) = + ^ /i(y)a;*(a;i) > 4 " 4 = 2 

•t=A/+l 

Thus we have that o Tjv|| -/^ 0, and hence (xj, is not shrinking. 

□ 

As a Schauder frame must be shrinking in order to have a shrinking associated basis, Theorem 
12.31 implies that not every Schauder frame for a reflexive Banach space has a reflexive associated 
space. 

Definition 2.4. If (xj, fi)^i is a Schauder frame for a Banach space X, and (2:4)^1 is an 
associated basis then (xj, is called strongly shrinking relative to if 

\\x*oSn\\^0 forallx*GX* 

where Sn '■ Z X is defined by Sn{z) = J2i^n 

It is clear that if a Schauder frame is strongly shrinking relative to some associated basis, then 
the Schauder frame must be shrinking. Also, if a Schauder frame has a shrinking associated 
basis, then the frame is strongly shrinking relative to the basis. In |CL] . examples of shrinking 
Schauder frames are given which are not strongly shrinking relative to some given associated 
spaces. However, we will prove later that for any given shrinking Schauder frame, there exists an 
associated basis such that the frame is strongly shrinking relative to the basis. Before proving 
this, we state the following theorem which illustrates why the concept of strongly shrinking will 
be important to us and allows us to use frames in duality arguments. 

Theorem 2.5. |CL[ Lemma 1.7, Theorem 1.8] If {xi, fi)'^i is a Schauder frame for a Banach 
space X , and (^1)^1 is an associated basis for (xj, then {z*)°Zi is an associated basis for 

(/i,Xi)^i, if and only if {xi, fi)'^^ is strongly shrinking relative to 

Furthermore, given operators T : X Z and S : Z ^ X defined by T(x) = ^ fi{x)zi for all 
X E X and S{z) = ^ z*{z)xi for all z E Z , if (xj, is strongly shrinking relative to {zi)°Zi, 

then S* : X* ^ [z*] and T* : [z*] X* are given by S*{x*) = ^x*(xj)2;* for all x* G X* and 
T*{z*) = j:z*{z,)f\for allz*e[z*]. 

Applying Theorem 12.51 to reflexive Banach spaces gives the following corollary. 

Corollary 2.6. // (x,, is a shrinking frame for a reflexive Banach space X and is 

an associated basis such that (xj, is strongly shrinking relative to {zi)°Zi then {fi,Xi)^i is 

strongly shrinking relative to {z*)'^i. 

Before proceeding further, we need some stability lemmas. Note that if is a basis 

for a Banach space Z, with projection operators P(n,k) : Z ^ Z given by P{n,k)^CZli^i^i) — 
J2ie(n,k) (^i^iy then P(i^k) ° P{n,oo) = and P(„,oo) o -P(i,A:) = for all k < n. The analogous 
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property fails when working with frames. However, the following lemmas will essentially allow 
us to obtain this property within some given e > if n is chosen sufficiently larger than k. 



Lemma 2.7. Let {xi, fi)°Zi be a Schauder frame for a Banach space X. Then for all e > 
and k eN, there exists iV e N such that N > k and 

n no 

sup II fj{^)^j)^i\\ ^ ^ll^ll /O?^ 0,11 X G X. 

n>m> N>k>nn>mn 
— — — " i=in 3=mo 

Proof. As (xj, is a Schauder frame, for each 1 < i < k with fi ^ 0, there exists > k 

such that sup„>^>^^ || YJi=mfi(^e)^i\\ < Let N = maxi<^<fc X^ We now obtain the 

following estimate for n > m > N > k > Uq > rriQ and x G X. 

n no n 



i<e<k 

i=mj=mQ i=m 



/j(x)/i(xj)xi|| < k max || ^ fe{x) fi{xi)xi\\ as k > uq 

~ ~ i=m 
n 

< k max II fi{x()xi\\ \\fi\\ \\x\\ < s\\x\\ as n > m > N^. 



KKk 

i=m 



□ 



In terms of operators. Lemma [221 can be stated as for all A; G N, if {xi, fi)°li is a Schauder 
frame then limAr^oo II^Ar o [Idx - Tk) \\ = 0, where T„ : X X is given by T„(x) = Y.'Zn fii.^)^i 
for all n G N. We now prove that for all G N, if (xj, is a shrinking Schauder frame then 
limAT^oo IK-^c^x — Tk) o T/v|| = 0. The frame given in the proof of Theorem 12.31 shows that we 
cannot drop the condition of shrinking. 



Lemma 2.8. Let (xj, he a shrinking Schauder frame for a Banach space X. Then for all 

£ > and /c G N, there exists X G N such that N > k and 



no n 

sup II fiC^^ fjix)xj)xi\\ ^ ^ll^^ll for all X G X. 

n>rifi>N>k>nn>mn 
— — — u_ u i=mo 3=m 



Proof. By Theorem 12. {fi Schauder frame for X*. Thus for each 1 < i < k 

with xe 7^ 0, there exists Ne > k such that sup„>^>^^ II Sj=m < ^/(^II^^ID- Let 
X = maxi<^<A; N£. We now obtain the following estimate for n>m>N>k>no> mo and 
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xex. 

no n n 

II fiC^ fii.x)xi)xi\\ < k sup ||/^(^ fj{x)xj)xi>\\ as > no 



l<i<k 

i=mo J=»Ti — — J=™ 



/c sup 

KKk 



^fj{x)fl{Xj) 



j-m 



<k sup II /^(a^jO/j II ||a;|| ||a;£|| < e||x|| as n > m > iV^. 



i<f<fc 

j=m 

□ 

Our method for proving that every shrinking frame has a shrinking associated basis is to first 
prove that every shrinking frame is strongly shrinking with respect to some associated basis, 
and then renorm that associated basis to make it shrinking. The following theorem is thus our 
first major step. 

Theorem 2.9. Let {xi, fi)°l^ be a shrinking Schauder frame for a Banach space X. Then 
i^i, fi)iZi has an associated basis (zi)'^-^ such that {xi, fi)'^i is strongly shrinking relative to 

Proof. We repeatedly apply Lemma [278] to obtain a subsequence (A^fc)fcli of N such that for all 
keN, 

k n 

(3) sup II ^ fiC^ f3{x)xj)xi\\ < 2"^''||x|| for all x G X. 

n>m> Ni. ■ -. 

We assume without loss of generality that Xi ^ for all i G N. We denote the unit vector 
basis of Coo by {zi)°l-^, and define the following norm, || • ||^ for all (aj) G Coo- 

n k n 

(A) II > a,-2;,-|| V = max II > a,-x,-|| V max 2^|| > f,-(> aiXi)xi\\. 

i=m i=l j='m 

It follows easily that {zi)°l-^ is a bimonotone basic sequence, and thus is a bimonotone 

basis for the completion of Coo under || ■ \\z, which we denote by Z. We first prove that 
is an associated basis for {xi, fi)'^^. Let C be the frame constant of {xi, fi)°l^. That 
is, maxn>m\\ Yl^=m fii^)^i\\ — ^ll^ll X E X. By ([3]) and (jlj), the operator T : X ^ 

Z, defined by T{x) = '^fi{x)zi for all a; G X, is bounded and ||T|| < C. We have that 
II ^"=m (^i^i\\z > II Y17=m ^i^dl' heuce the operator S : Z ^ X defined by S{z) = J2 
is bounded and H^H = 1. Thus we have that (^j)^! is an associated basis for (xj, 

We now prove that (xj, is strongly shrinking relative to {zi)°Zi- Let e > and x* G Bx*- 
As (xj, fi)°Zi is shrinking, we may choose k eN such that 2"^^ < e/2 and || YlJLk+i ^* i^j) fjW < 
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ejl. We obtain the following estimate for any N > Nf^ and z = ^2 o-iZi G Z. 



oo oo oo 

x*(^^ajXj) = x*(a;j)/j(^^ OiXj) as {fi,Xi)°Zi is a frame for X* 

i=N j=l i=N 

fc oo oo oo 

= ^x*{xj)fjC^aiXi) + x*(xj)/j(^aiX,) 

j=l i=N j=k+l i=N 

fc oo oo oo 

< 11^*1111 X]/i(X^«j3;j)a;j II + II ^ a;*(xj)/j|| ||2;||z as || ^ aiXi|| < ||2;||z 

j=l J— AT j=k+l i=N 

oo 

< ||x*||2-'=||^|U + II 5Z a;*(x,)/il||k||z by © as > iV^ 

i=fc+i 

<£/2||2|U + £/2||^|U 

We thus have that for all x* e X* and e > 0, that there exists M G N such that |x*(^^^ z*{z)xi) \ < 
e for all > M and z* G -Bz*- Hence, (xj, is strongly shrinking relative to {zi)°li. 

□ 



The following lemmas incorporate an associated basis into the tail and initial segment esti- 
mates of Lemma 12.71 and Lemma 12.81 

Lemma 2.10. Let X be a Banach space with a shrinking Schauder frame (xj, fi)^i- Let Z he 
a Banach space with basis {zi)°Zi such that {xi, fi)°Zi is strongly shrinking relative to (zi)'^-^. 
Then for all k eN and e > 0, there exists N eN such that 



sup II '^^C^^x*{xj)fj{xi))z*\\ < £\\x*\\ for all X* G X* 

k>n>m ■ -r • 
— — i=N J=m 

Proof. Let A; G N and e > 0. By renorming Z, we may assume without loss of generality that 
is bimonotone. Let > 1 be the frame constant of the frame {fi,Xi)°l^ for X*. We 
choose a finite ^^-net (y*)aeA in {y* G K ■ By* '■ y* G spar2i<j<fc(/j)}. By Theorem 12. 5[ 

the bounded operator S* : X* — )• [z*] is given by S*{x*) = Xli^i ^*(^«)^«* ^* ^ -^*- -^^ 

{z*)°Z^ is a basis for [2;*]^!, for each a e A, there exists eN such that ||P[Ar„,oo) o S*{yl^)\\ = 
II Zli^AT^ < I- ^ = maXafzANa. Givcu, X* G B*x and m, n G N such that 

k > n > m, we choose a E A such that Hz/q — X]j=m '''*('''i)/7H ^ 2p^' which yields the following 
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estimates. 



CXI n 



^C^X*{Xj)fj{Xi))z*\\ = \\PiN,oo)° S*C^X*{Xj)fj 

i=N j=m j='m- 



< ||P[iv,oo) o S*{y:)\\ + ||P[;v,oo) o S*{y: - 

j=m 
n 

< \\PiN,oo)oS*{yl)\\ + \\PiN,oo)\\\\S\\\\yl-Y.x*{x,)f, 



□ 

Lemma 2.11. Let X he a Banach space with a shrinking Schauder frame (xj, and let Z 

he a Banach space with a hasis (zj)^]^. Then for all k & N and e > 0, there exists N E'H such 
that 

k n 

sup II ^^(^^ x*(a;j)/j(a;j))z*|| < £:||a;*|| for all x* G X* 

n>m>N ■ , 
— — 1=1 j=m 

Proof. Let k eN and e > 0. As {xj, is a Schauder frame for X, the series Yl'^i fji^i)^j 

converges in norm to Xi for all i eN. Thus there exists N such that sup„>^>^ || Yl^=m fji^i)^j 
■ /til for all 1 < i < fc. For x* G Bx* and n > m > N, we have that 

K\\z^ II 

k n k n k 

\\^C}^x*{xj)fj{xi))z*\\ <^\\^ fj{xi)xj\\\\zl\\ < =^ 

i=l j=m 1=1 j=m i=l " * " 

□ 

The following lemma and theorem are based on an idea of W. B. Johnson [J], and are 
analogous to Proposition 3.1 in |FOSZj . and Lemma 4.3 in |USj . Their importance comes from 
allowing us to use arguments that require 'skipping coordinates', and in particular, will allow 
us to apply Proposition 12.141 

Lemma 2.12. Let X he a Banach space with a houndedly complete Schauder frame {xi, C 
X X X*. Letei\0 and {pi)Zi e [N]^. There exists {ki)°Zi ^ such that for all x** E X** 
and for all N eN there exists M eN such that kj^ < M < k^j^i and 



sup II ^x**(/i)a;i|| < eTvlla;* 



PM+l>n>m>pM-l 
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Proof. Assume not, then there exists e > and Kq G N such that for all K > Kq there 
exists x*j^ G Bx** such that for all i^o < ^ < there exists nK,M, i^k,m ^ N with Pm-i < 
rriK.M < nK,M < Pm+i and || YA=mK,M ^K(fi)^i\\ > ^- [Pm-i,Pm+i] is finite, we may choose 
a sequence (Ki)'^-^ G [N]'^ such that for every M G N there exists nM,^M € N such that 
nKi,M = nM and mKi,M = for all i > M. After passing to a further subsequence of (Ki)'^^, 
we may assume that there exists x** G X** such that x*^_{fj) x**{fj) for all j G N. Thus 
II Sr=mAf ^**(/i)^«ll — ^- This contradicts that the series Yl^i ^**{fi)^i is norm convergent. □ 

Theorem 2.13. Let X be a Banach space with a shrinking Schauder frame {xi, fi)'^^. Let Z 
be a Banach space with basis (zi)'^-^ such that (xj, is strongly shrinking relative to (zi)^i. 

Let {pi)°Zi G [N]'^ and (5,)^=i C (0, 1) with 6i \ 0. Then there exists (X»),=i G [N]'^ 

such that for any {ki)'^^ G [N]'^ and y* G Sx*, there exists y* G X* and ti G (A^fc^.i-i, Xfci^i) 
for all i & N with Nq = and to = so that the following hold 

(a) y* = ET=iyt 

and for all i E N we have 

(b) either \\y*\\ < 6e supp^^^_^ || E"=m l/K^^jO/j II < Se\\y*e\\ and 

II ELml/Ka^jO/jll < M\y*e\\, 

(c) II ^[P,^, ,P ' ) ° S*{y*,_^ + y} + - y*) \\z^ < 5,, 

where Pi is the projection operator Pi : [z*] — )■ [2;*] g'zt'en 6?/ Pii^aiZ*) = /^'^ 
O'iZ* G [-2*] anc? all intervals / C N. 

Proof. By Theorems 12 . 1 1 and 12 . 5[ {fi,Xi)°li is a boundedly complete frame for X* with associ- 
ated basis (z*)^^. After renorming, we may assume without loss of generality that (zi)'^-^ is 
bimonotone. We let K be the frame constant of (/j, Xi)°Zi. Let \ such that 2ei+i < Si < 5i 
and (1 + K)ei < for all i G N. 

By repeatedly applying Lemma [278] to the frame (xj, of X, we may choose {qk)'k'=i ^ [N]"^ 
such that for all /c G N, 

no n 

(5) sup II /j(3;)a;j)a;i|| < ^^fcll^^H for all x G X. 

n>m>p„, , , >p„. >no>mo 

By Lemma [2. m after possibly passing to a subsequence of (q'fc)fcLi, we may assume that for all 
keN, 

Pik n 

(6) sup II ^^(^^ x*(xj)/j(xi))2;*|| < £fc||x*|| for all x* G X*. 

n>m>p„,.. . -1 
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By applying Lemma [2?71 to the frame (xj, of X, after possibly passing to a subsequence 
of we may assume that for all k eN, 

n no 

(7) sup II ^ fi{ ^ fj{x)xj)xi\\ < £:a:+i||x|| for all x e X. 

By Lemma [2.101 after possibly passing to a subsequence of {qk)kLi, "we may assume that for 
all keN, 



oo n 



(8) sup II ^ (^x*(xj)/j(a;i))2;*|| < £:fc+i||a;*|| for all x* G X*. 

Pa, >n>m>l 

>"ik - - t=Pqf.^^ 3=m 

By Lemma [2rT2], there exists (Xi)i^o ^ [N]"^ such that Nq = and for all x* G X* and for all 
e N there exists eN such that <tk < N^+i and sup^^^ j<n<m<pq^ II J^iLn ^*(^«)/j|l < 
£fc||a;*||. 

Let {ki)°ZQ G [N]'^ and G Sx*. For each i G N, we choose U G (Xfc^, Xfc^^J with to = 1 such 
that 

(9) sup \\^y*{xj)fj\\ < Ei. 

Pqt^+i>n>m>pq^_-^ .^^ 

We now set y* = Yl^/Ji ^ y*{xj)fj for all « G N. We have that, 

OO OO 'Pltj^~^ OO 

Thus (a) is satisfied. In order to prove (6), we let ^ G M and assume that \\yi\\ > Se. Let 
m, n G N such that n > m > Pg^^. To prove property (b), we consider the following inequalities. 

llE^^*(^^-)/^-ll = llE E y*i^^)M^j)fM 

j=m j=mi=pq^^_^ 

<llE E y*i^^)M^j)fM + \\Y. E y*i^^)M^^)f^\ 

j=m i=Pqt^^^ j=m i=Pqt^_^ 

<K\\ y*i^^)f^\\ + \\J2 E ?/*(^0/.(^,)/,ll 

< Ket, + St, by © and © 

< (1 + i^)£iJ|i/;||/5, < (1 + K)e,\\yn/5, < 5,\ 
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Thus sup„>„> II Yll=myei^j)fj\\ < proving one of the inequahties in (b). We now 

assume that £ > 1, and let m, n G N such that Pq^^ ^ > n > m. To prove the remaining 
inequahty in (b), we consider the following. 



Pit, 



-1 



^yK^j)fj\\ = \\Y^ 5^ y*i.X'dfii.^i)f3\\ 



j=m j=mt= 



< + isTe^-i by ([5]) and (E]) 

< + ir£,_i)||y;||/(5, < {l + K)e,.,\\yn/5, < 5,\\yl\\. 

Thus supp^^ >n>m II X]j=m II < "^^lll/lll' heuce all of (6) is satisfied. To prove (c) 
we now consider the following, 

\\P\p,M 'Pm )^*iyi-i + y*e + yl+i - ylWz- = II E + y*^ + ~ 2/*)(^*)^**ll 



= 11 E E E 1 ^*ii 

^11 E E prii + II E E 1 

- II E E I <ii + II E I E y*i^j)fji^i)\ 

< £Nt,^-i + e^TVfc^+i <£e by dHD and (Q. 

Thus (c) is satisfied. □ 

Properties of coordinate systems for Banach spaces such as frames, bases and FDDs can 
impose certain structure on infinite dimensional subspaces. For our purposes, this structure 
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can be intrinsically characterized in terms of even trees of vectors fOSZlj . In order to index 
even trees, we define 



T^*''' = {(^1, ■■■,n2i) : rii < ■ ■ ■ <n2i are in N and i G N}. 

If X is a Banach space, an indexed family ( C X is called an even tree. Sequences of 

the form (yX(ni,...,n2i-i,k))'kLn2e-i+i Called nodes. This should not be confused with the more 
standard terminology where a node would refer to an individual member of the tree. Sequences 
of the form (^2^-1, are called branches. A normalized tree, i.e. one with = 1 

for all a G T^'^'"^, is called weakly null (or w*-null) if every node is a weakly null (or w*-null) 
sequence. 

Given 1 > £ > and A C (N x Sx*T, we let A, =_{{li,y*) g (N x Sx-'T ■ 3(A;i,x*) G 
A such that k < ii, \\x* - y*\\ < e2'Wi G N}, and we let A^ be the closure of A, in (N x Sx*)'^- 
We consider the following game between players S (subspace chooser) and P (point chooser). 
The game has an infinite sequence of moves; on the n^'^ move S picks /c„ G N and a cofinite 
dimensional t(;*-closed subspace Zn of X* and P responds by picking an element x* G Sx* such 
that d{x^, Zn) < e2~". S wins the game if the sequence (/cj, Xi)°^i the players generate is an 
element of A^i,, otherwise P is declared the winner. This is referred to as the (A,e)-game and 
was introduced in |USZlj . The following proposition is essentially an extension of Proposition 
2.6 in |FUSZj from FDDs to frames, and relates properties of if*-null even trees and winning 
strategies of the (A, £:)-game to blockings of a frame. 

Proposition 2.14. Let X he an infinite- dimensional Banach space with a shrinking Schauder 
frame (xj, /i)^i- Let A C (N x Sx*)'^ ■ The following are equivalent. 

(1) For alle>0 there exists (Ki)^^ G [Nf and 5 = {6i) C (0, 1) with 6,\0 and iPi)Zi ^ 
[Nr such that if {yDZ^ C Sx* and{ri)Zo ^ M'^ i/^at supp^^_^^^>„>„> J E;=™ ^/^(a^.)/.- II < 
6i and sup„>^>p^^ || T.j=myii^j)fj\\ < for all i e N then {Kr^_^,y*) G A^. 

(2) For all e > 0, S has a winning strategy for the {A,e)-game. 

(3) For all e > every normalized w*-null even tree in X* has a branch in A^. 

Proof. The equivalences (2) <^=^ (3) are given in |FOSZ] . 

We now assume (1) holds, and will prove (3). Let e > and let (x*^^ „2^))(ni,...,n2f)eT^"™ be 
a w*-null even tree in X*. There exists (-ft'i)^i G [N]'^ and 6 = {6i) C (0, 1) with Si \ and 
(pO.=i e [N]'^ such that if {y:)Z, C Sx* and {r,)Zo e [N]" so that snp^^^^^^^n>m>i II E;=™ y:ixj)fj\\ < 
6i and sup„>„>p^^ || T.]=myii^j)fj\\ < alH G N then {Kr,^^,y*) G A^. 

We shall construct by induction sequences (r'j)^Q, {ni)°Zi ^ l^]'^ such that Kr^ = n2i+i and 

^^Ppr^_-^+l>n>m>l\\'Y2j=m'^(ni,...,n2i)^'^i^ fiW ^ and SUp„>^>p^^ II X!]j=m yKxj)fj\\ < Si for all 

2 G N. To start, we let tq = 1 and ni = Ki. Now, if £ G N and (ri)f^Q and (rii)^i"|^ have been cho- 
sen, then using that (x^^^ ^^^^^ k))'k^n2e+i+i w*-iavL\\, we may choose n2e+2 > ^2^+1 such that 

Il^(ni,...,n2f+i,n2«+2)(^i)/?'ll < (Pr^ + l) ^f^^+i. ThuS, SUPp^.^_^^>„>^>l || X]"=m (Xj)/^ || < 
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As {xj,fj)°Zi is a Schauder frame, we may choose r^+i > such that 

n 

sup II ^k,...,"2.+l,n2.+2)(^J-)/ill < 

We then let n2^+2 = -^r^+i- Thus, our sequences (rj)^Q and (nj)^]^ may be constructed by induc- 
tion to satisfy the desired properties, giving us that (n2i-i,X(„^^ ^^^-j)^! = (-f^n„i, a;(„^, . „2^))j^i e 

We now assume (2) holds, and will prove (1). Let e > and assume that player 5* has a win- 
ning strategy for the (A, £:)-game. That is, there exists an indexed collection (fc{a;*,...,a;p)(x5;,...,a;j)GJs:< 
of natural numbers, and an indexed collection {X^^i x*)){xl,---,xt)<^x<^* of co-finite dimensional 
w*-closed subsets of X* such that if {x*)°^-y C Sx* and d{x*,X*^,^ ^^*^) < ^e2"* for alH G N 
then (/c(,.,...,..),X(;.^...^,.))-i G 'A,/2 and ik^.*,...,,*))°Z, G [Nf. 

We construct by induction (Ki)^^ G [N]"', (pi)^i G [N]"', G (0, l)"' and a nested collec- 

tion (A)^i C [X<'^]'^ such that A is ^£2-^-dense in [fj^jLi and if C Sx* and (ri)~o G 

[N]"' so that supp^^_^^^>„>„>i II T.]=myiixj)fj\\ < and sup„>„>p^^ || Y.%mytixj)fj\\ < ^or 
all i G N, and x* G A^+i such that ||y* - x*|| < ^£2"* for all i G N, then Kr^_-^ > k(x*,...,x*_^), 
and c?(x*,X(;.._ _^.)) < jQe2-\ This would give that X(*,.,...,^..))£i e Hence, 

{Kr._^,y*)°l^ G as > k(xi,...,x*_-^) and ||?/*-a;*|| < ^^2"* for all i G N. Thus all that re- 
mains is to show that {Ki)°Zi ^ G [Nf, and (A)»=i C [X<^]'^ may be constructed 
inductively with the desired properties. 

We start by choosing Ki = k%. As {xi, is a shrinking Schauder frame for X and 

C X* is co-finite dimensional and w*-closed, by Lemma 12.81 there exists pi G N and 
5i > such that if supp^>„>„>i || YJ'j=^y*{xj)fj\\ < 5i for some y* G Sx* then d{y*,X^) < 
^e. We then let Di be some finite ^e-net in [/jjfii. Now we assume n G N and that 
(A)?=i G [N]<'^, (pi)r=i e [N]<'^, G (0,1)<'" and (A)r=i C [X<^]<^ have been suitably 

chosen. As (xj, is a shrinking Schauder frame for X and X^*j,, ^.-j C X* is co-finite 

dimensional and w*-closed for all {xl,...,x}) G [Dn]^'^, by Lemma [2751 there exists Pn+i G N 
and 6n+i > such that if supp^^^>„>.^>i || 1]"=™ 2/*(^i)/ill < ^ri+i for some y* G Sx* then 
c?(l/*,n(^.,...,^.)e[D„]<-X(*^*_ _^*)) < ^e2-"-i. We then let K^+i = max(^*,„„^|)ep„]<- /c(xj,...,x;) 
and let D^+i be a finite ^£2~"-i-net in [/i]f=t'- ^ 

3. Upper and lower estimates 

Let X be a Banach space, V = {vi)'^^ be a normalized 1-unconditional basis, and 1 < 
C < oo. We say that X satisfies subsequential C -V -upper tree estimates if every weakly null 
even tree (xa)agT^cn in X has a branch (^2^-i, a;{ni,...,n2<))£i such that (a^{ni,...,n2f))^i is C- 
dominated by (fna^-J^^i- We say that X satisfies subsequential V -upper tree estimates if it 
satisfies subsequential C-l^-upper tree estimates for some 1 < C < oo. If X is a subspace 
of a dual space, we say that X satisfies subsequential C -V -lower w* tree estimates if every 
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i(7*-null even tree (a;a)agTs'<=n in X has a branch {n2e-i,X(^ni,...,n2e))'eLi such that {x(^ni,...,n2e))£^i 
C-dominates (fn2^_i)£i- 

A basic sequence V = {vi)°Zi is called C-right dominant if for all sequences mi < m2 < • • • 
and ni < ^2 < • • • of positive integers with rrii < rii for alH G N the sequence (fmJi^i is 
C-dominated by (f^Ji^i- We say that (fi)^i is right dominant if for some C > 1 it is C-right 
dominant. 

Lemma 3.1. j FOSZl Lemma 2.7] Let X he a Banach space with separable dual, and let 

V = (f be a normalized, 1 -unconditional, right dominant basic sequence. If X satisfies 
subsequential V-upper tree estimates, then X* satisfies subsequential V*-lower w* tree esti- 
mates. 

Let Z be a Banach space with an FDD {Ei)°Zi, V = (vi)'^-^ be a normalized 1-unconditional 
basis, and let 1 < C < oo. We say that {Ei)°l^ satisfies subsequential C -V -upper block esti- 
mates if every normalized block sequence (^j)^i of {Ei)°l^ in Z is C-dominated by (fmJi^i, 
where rrii = minsuppg(2i) for all i E N. We say that {Ei)°Z^ satisfies subsequential C-V -lower 
block estimates if every normalized block sequence (^i)^! of {Ei)°^^ in Z C-dominates (wmJi^i, 
where rrii = minsupp^(zi) for all i E N. We say that {Ei)°Zi satisfies subsequential V-upper 
(or lower) block estimates if it satisfies subsequential C-l^-upper (or lower) block estimates for 
some 1 < C < oo. 

Note that if (Ei)'^-^ satisfies subsequential C-K-upper block estimates and {zi)°Zi is a nor- 
malized block sequence with maxsupp£;(2;j_i) < ki < min supp£.(zj) for all z > 1, then {zi)°li 
is C-dominated by {vkj^i (and a similar remark holds for lower estimates). 

Subsequential \^*^*^-upper block estimates and subsequential l^-lower block estimates are dual 
properties, as shown in the following proposition from [OSZlj . 

Proposition 3.2. jOSZll Proposition 2.14] Assume that Z has an FDD {Ei)°l^, and let 

V = be a normalized and 1-unconditional basic sequence. The following statements 
are equivalent: 

(a) {Ei)'?Zi satisfies subsequential V -lower block estimates in Z . 

(b) {E*)°l-^ satisfies subsequential V^*"* -upper block estimates in Z^*\ 

(Here subsequential V^*"^ -upper estimates are with respect to (f*)^]^, the sequence of biorthogonal 
functionals to {vi)'^^). 

Moreover, if {Ei)°Zi ^■^ bimonotone in Z , then the equivalence holds true if one replaces, for 
some C > 1, V-lower estimates by C-V-lower estimates in (a) and V^*^ -upper estimates by 
C-V^*^ -upper estimates in (b). 

Note that by duality. Proposition 13.21 holds if we interchange the words "upper" and "lower". 

Let (xj, /i)^i be a shrinking Schauder frame for a Banach space X, and let (f j) be a nor- 
malized, 1-unconditional, block stable, 1-right dominant, and shrinking basic sequence. For 
any C > 0, we may apply Proposition 12.141 to the set A = {{ni,x*)'^^ G (N x Sx*)'^ ■ 
{x*)°Zi C — dominates {v^.)°Zi} to obtain the following corollary. 
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Corollary 3.3. Let [xi, fi)°Zi be a shrinking Schauder frame for a Banach space X, and let 
V = (vi)°l^ be a normalized, 1 -unconditional, block stable, right dominant, and shrinking basic 



sequence. The following are equivalent. 

(1) There exists C > 0, (Ki)'^^, {p, 
if C Sx* and (r 



lOO 



in^i G and 6 = {6i) C (0, 1) with 6i \ such that 

uZo e so that supi<„<„<p^^_^^^ II Y.T=nyiixj)fj\\ < Si and 



'l<n<m<p, 

II Y.T=nyiixj)fj\\ < Si then iy*) (^^k,. ,)■ 
(2) X satisfies subsequential V upper tree estimates. 



Let Z he & Banach space with a basis {zi)°^i, let (pi)^i G [N]'^, and let V = (fj)^i be a 
normalized 1-unconditional basic sequence. The space Zy{pi) is defined to be the completion 
of Coo with respect to the following norm || ■ ||z^ : 



max 

AfeN,l<ro<ri<-' 



■<rM 



M 








E 






for (ttj) e Coo 


1=1 




z 


V 



The following proposition from [OSZlj is what makes the space Zy essential for us. Recall 
that in [OSZl] a basic sequence, (ui)^i, is called C-block stable for some C > 1 if any two nor- 
malized block bases {xi)'^^ and with max(sMpp(xj), supp{yi)) < min{supp{xi+i) , supp{yi+i)) 
for alH G N are C-equivalent. We say that (fi)^i is block stable if it is C-block stable for some 
constant C. We will make use of the fact that the property of block stability dualizes. That is, 
if (^i)i^i is a block stable basic sequence then is also a block stable basic sequence. An- 
other simple, though important, consequence of a normalized basic sequence {vi)°Zi being block 
stable, is that there exists a constant c > 1 such that (fnJi^i is c-equivalent to {vm+JiZi for all 
{ni)'Zi G [N]^. Block stability has been considered before in various forms and under different 
names. In particular, it has been called the blocking principle |CJT] and the shift property |CK] 
(see |FR] for alternative forms). The following proposition recalls some properties of Zv{pi) 
which were shown in [QSZlj . 



Proposition 3.4. |OSZlt Corollary 3.2, Lemmas 3.3, 3.5, and 3.6] Let V = (fi)^i be a nor- 
malized, 1-unconditional, and C-block stable basic sequence. If Z is a Banach space with a 
basis {zi)°Zi and (pj)^i G [N]'^, then satisfies 2C-V -lower block estimates in Zyipi). If 

the basis (fj)^i is boundedly complete then is a boundedly complete basis for Zy{pi). If 

the basis {v.j)^i is shrinking and {zi)'Zi is shrinking in Z , then {zi)'^^ is a shrinking basis for 
ZviPi)- 

If U = {ui)°li is a normalized, 1-unconditional and block-stable basic sequence such that 
(fi)^i is dominated by {ui)'^-^ and {zi)°l-^ satisfies subsequential U -upper block estimates in Z , 
then {zi)Zi also satisfies subsequential U -upper block estimates in Zv{pi). 



Theorem 3.5. Let X be a Banach space with a shrinking Schauder frame (xj, fi) which is 
strongly shrinking relative to some Banach space Z with basis {zi) and bounded operators T : 
X ^ Z and S : Z ^ X defined by T{x) = J2 fi{^)zi for all x E X and S{z) = ^ z*{z)xi for 
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all z E Z . Let V = {vi)°Z-^ be a normalized, 1-unconditional, block stable, right dominant, and 
shrinking basic sequence. If X satisfies subsequential V upper tree estimates, then there exists 



\n, 



G [nf such that 



[ui) is an associated space of {fi,Xi)°^i with bounded 



operators S* : X* ^ Zf , 



andT* : Z; , 



— > X given by S*{x*) = ^x*{xi)z* for all 



X* e X* and S*{z*) = ^ z*{z-i)fi for all z* G Z*^^,^ ) 



.Ui 



Proof. After renorming, we may assume that the basis (^i)^i is bimonotone. The sequence 
ifij^i)'^! is a boundedly complete Schauder frame for X* by Theorem 12.11 and we have that 
X* satisfies subsequential V* lower w* tree estimates by Lemma 13.11 By Theorem 12. 5[ the 
basis (-z*)^! is an associated basis for {fi,Xi)°Zi with bounded operators S* : X* — )■ Z* and 
T* : Z* ^ X given by S*{x*) = ^x*{xi)z; for all x* G X* and S*{z*) = ^z*{zi)fi for 
all z* G Z*. Let e > 0. By Corollary EJl there exists C > 0, (ifi)^i, G [N]"^, and 

S = {6i) C (0, 1) with 5i \ and < e such that if {y*)Zi C Sx* and {ri)Zo ^ so 
that supi<„<„<p^^_^^^ II T.T=nyiixj)fj\\ < and supp^^<„<„ || E7=n ^/^(a^jO/ill < then (y*) >zc 
{v*K ). We apply Theorem EH to {xi, fi)^^, {pi)Zi G [N^, and {6i)°Zi ^ (0,1) to obtain 
(gj), {Ni)°l^ G [N]'^ satisfying the conclusion of Theorem 12.131 

By Theorem 12.51 {z*)°Zi is an associated basis for {fi,Xi)'Zi, and we denote the norm on Z* 
by II ■ 11^.. We block the basis {z*)°Z^ into an FDD by setting Ei = spanj^zip 

z G N. We now define a new norm || ■ ||^* on span{z*)'Z^ by 



)Z* for all 





M 








> aiZ*\\z* = max 

M€N,l<ro<ri<---<rM 


E 




* 


for all (ttj) G Coo 




i=l 




z* 


V* 



We let Z* be the completion of span{z*)'Zi under the norm 



Note that |U*||z. < 



\z 



, for all z* G Z*. As {v*)°Z^ is block stable, there exists a constant c > 1 such that 
«+i)*=i for all {ni)°Zi G [N]'^. We now show that \\S*{y*)\\z* < (1 + 2£)3cC||y*|| 



for all y* eX*. 

Lety* G X*,M G N, andl < ro < ri < ■■ ■ < vm- We will show that (l+2£)3cC||5|| ||S(y*) || > 



E 



M 
1=1 



y\xj)z] 



PNr, 



. By TheoremElSl there exists y* G X* and ti G (iV^^.i-i, N, 



PlNr- 

or alH G N with A^o = and to = such that 

(a) y* = E.=i yt 

and for alH G N we have 

(b) either \\y*\\ < 5i or sup^^^ || E^^m ^/rl^^jO/j II < ^iMW and 



II snp„>,^>p 
We let A = {2 G N : 



\Y.%n.yn^^)f)\\<mi 
^oS*{yU + yl + y:+i-y*)\W<^i 

\yi\\ > ^i}- By our choice of {p, 



i^A- Thus, C||^.g^?/*|| > II EieA ll?/rlK.. 



we have that {y\l\y*\)i^A he 
We now obtain the following lower 
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* 11 * 



estimate for 

= II J^l/ril by (a) 

ieA i^A 

> ^ii$^iii/rii^iv,_jk* + $^iiz/rii ^^cwj^ViW > ii$^iiyiii^i^.,_jk* 

ieA i^A ieA ieA 

^ ^^Wj^Wy^W'^Kr^Jlv + ll$^llz/till^^.,_Jk* + ll$^lbmll^^.^_Jk*) 

^ 1 II II * , * , * II * II 

- ^\\2^\\y^-l + yi +y^+lhKr,_Jv* 

- 3cC\\S\\ ^ + y^ + yi+i)\\z'VK^^_^ Wv -£ as «) is 1-unconditional 

> 3^J||g|| II Yl Km,,Pm,+,)^*^y^-^ + y^ + yi+i)\\z'VK^^_^ IW* -e as {zi) is bimonotone 



3cC|| 


S\\ 


1 




3cC|| 


S\\ 


1 





- 3cC||gJ ' 5Z " S ?/*(^j-)^ill^^.,_, Ik* - 2£ by (c) 



Thus we have that \\S*y*\\z^ < (1 + e)3c(:7||S|| ||?/*|| for all y* e X*. Hence, S* : X* ^ Z* is an 
isomorphism. We have that T* : Z* — )■ X* is bounded, and hence T* : Z* — )■ X* is bounded as 
well, as ||2;*||z* < lk*llz* ior all z* G Z* . Thus, is an associated space of X*. □ 

The following theorem can be thought of as an extension of Theorem 1.1 in [FOSZ] to frames. 

Theorem 3.6. Let X be a Banach space with a shrinking Schauder frame (xj, Let (fi)^i 

he a normalized, 1-unconditional, block stable, right dominant, and shrinking basic sequence. If 
X satisfies subsequential {vi)°Zi upper tree estimates, then there exists {ni)°Zi, ^ i^]'^ 

and an associated space Z with a shrinking basis {zi)°Zi such that the FDD {spanj(=[ni,ni+i)Zi)'^i 
satisfies subsequential (fxJi^i upper block estimates. 

Proof. As {xi, fi)'^i is a shrinking Schauder frame, it is strongly shrinking relative to some 
associated basis {zi)°Zi a Banach space Z by Theorem l2.9[ We thus have bounded operators 
T : X ^ Z and S : Z ^ X defined by T(x) = J2 fi{^)^i all a; G X and S{z) = J2 ^i{^)^i 
for all z E Z. By Theorem 13. 5[ Zf, Arii) is an associated space of {fi,Xi)°Zi with bounded 

operators S* : X* ZJ, Jrii) and T* : ZT* Jui) -> X given by S*{x*) = ^x*{xi)z* for 

all X* G X* and S*{z*) = '^z*{zi)fi for all z* G Z.*^, dni). We define Z as the completion 
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of under the norm || J^'^i^iWz = sup^.g^ ^ z*(^ajZj). As (-2*),^! is a boundedly 

complete basis of , -((^i) by Lemma [3.4[ we have that {zi)°Zi is a shrinking basis for Z and 

that the dual of Z is ZT, We now prove that Z is an associated space of (xj, fijf^i- 

If C X* and then {S*{x*))'^^ converges w* to as a sequence in Z* . 

Thus {{S*{x*)){zj))°^i converges to for all j e N. Lemma [331 gives that {z*)'^i is a bound- 
edly complete basis for Z.*^. Jn^), and hence converging w* to in ZJ, Jrii) is equivalent to 

converging coordinate wise to 0. Hence, {S*{x*))'^i converges w* to in ZJ, Jrii). Thus 

S* : X* — 7- Z^^*_ ^(nj) is w* to w* continuous, and hence is a dual operator. Thus, S : Z ^ X. 

If (-2*)^! C Zf* Jrii) converges w* to in ZJ, \iP'i)) then {z*)°^^ converges coordinate wise 

to 0, and hence {z*)fl^ converges w* to in Z* . Thus, {T*{z*))°l^ -^w* in X* . We thus 
have that T* : Z,*^* Jnj) — )• X* is w* to continuous, and is hence a dual operator. Thus, 

T : X — 7- Z is bounded. This gives us that, Z is an associated space for (xj, fi)^i- By Lemma 
13.41 we have that the FDD (spanjg[pjy p^^jz*)^;^ satisfies {y*j^_) lower block estimates in Z* , 

and hence (spanjgjp^^p^^^)^^)^]^ satisfies (fxJi^i upper block estimates in Z. □ 

The following theorem can be thought of as an extension of Theorem 4.6 in |0SZ1] to frames. 

Theorem 3.7. Let X he a Banach space with a shrinking and boundedly complete Schauder 
frame {xi, fi)^i. Let (Mj)^i be a normalized, 1 -unconditional, block stable, right dominant, 
and shrinking basic sequence, and let (fj)^i be a normalized, 1 -unconditional, block stable, 
left dominant, and shrinking basic sequence such that (ui) dominates (fj). Then X satisfies 
subsequential {ui,Vi)'^i tree estimates, if and only if there exists {ni)°Z^, (Ki)'^-^ G [N]'^ and a 
reflexive associated space Z with a basis {zi)°Zi such that the FDD {spanj(z[ni,ni+i)Zj)°Zi satisfies 
subsequential {uKi,VKi)iZi block estimates. 

Proof. By Theorem l3.6l (xj, has an associated basis (zi)'^-^ such that there exists (mj)^i, 
[N]'^ and an associated space Z with a shrinking basis (zi)'^-^ such that the FDD {spanjfz[rn,ni+i)Zj)'^ 
satisfies subsequential {ukJ'^i upper block estimates. We have that (/j shrinking 
frame for X* which is strongly shrinking relative to the associated basis (z*)^^ by Corollary 
12.61 The space X satisfying subsequential (fi)^i lower tree estimates implies that X* satisfies 
subsequential upper tree estimates. Thus we may apply Theorem 13.51 to the space X*, 

the frame {fi,Xi)°Zi and the associated basis {z*)'^-^ to obtain {ni)°Z^, (Ki)'^-^ G [N]'^ such that 
^(vK )i^i) is associated space of {xi, fi)°Zi. Furthermore, we may assume that (nj)^^ is 
a subsequence of {mi)°l-^ and that {Ki)°l-^ is a subsequence of {ki)°Zi (fi)^i is left domi- 
nant. By Lemma [3^ the FDD (spanjg[„._„.^-^)Zj)^^ satisfies subsequential {uK,,VK,)iLi block 
estimates. □ 

We now show that Theorem 11.61 follows immediately from Theorem 13.61 For the same reason. 
Theorem 11.71 follows immediately from Theorem 13.71 
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Proof of Theorem MM Let (xj, be a shrinking Schauder frame for a Banach space X and 

let a be a countable ordinal. The equivalences (a) <^=^ (6) are given in [0SZ2j . 

Let (tj)^i be the unit vector basis for Tq^c, where < c < 1 is some constant. If a Banach 
space has an FDD satisfying subsequential (txj^i upper block estimates for some sequence 
{Ki)°^^ G [N]"^, then it satisfies subsequential T^^c-upper tree estimates. Thus if {xi, fi)'^^ has 
an associated space with an FDD satisfying subsequential (ixJiZi upper block estimates, then 
X embeds into a Banach space satisfying subsequential Tq, ^-upper tree estimates. Hence, X 
itself would satisfy subsequential T^ c- upper tree estimates. Thus (c) =^ (b). 

The unit vector basis, (ti)^i, for Ta^c is a normalized, 1-unconditional, block stable, right 
dominant, and shrinking basic sequence. Thus (6) =^ (c) by Theorem 13.61 □ 
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